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Abstract

It is important to assess the conditions under
which the migration of particles becomes important
during rheological characterization of filled polymers.
Such migrations may become important during
nonhomogeneous flow where gradients in shear rate
induce particles to move away from high shear rate
regions resulting in nonhomogeneous concentration
distributions and the blunting of velocity distributions.
Using the mathematical model of Phillips et al., a finite
difference numerical solution was developed to assess
the importance of particle migration effects in pressure-
driven viscometric flows.

Introduction

The flow and deformation of filled polymers
has been a subject of interest for many years and there
has recently been a considerable increase in research

activity. The rheological characterization of
concentrated suspensions is still a major challenge.
Rheological characterization of  concentrated

suspensions is complicated by microstructural changes
that can occur during characterization, including slip at
the viscometer walls. Microstructural changes take
place during the flow and deformation of even dilute
suspensions. For example, Segré and Silberberg [1]
have observed that in Poiseuille flow of very dilute
suspensions, particles move away from the wall and the
center, towards an equilibrium radial position. Wall
slip in suspensions is closely related to the formation of
an apparent slip layer, which is free of particles.
Kalyon and coworkers [2-4] reported that wall slip
effects could indeed dominate the apparent rheological
behavior of concentrated suspensions.

Shear-induced migration of particles in the
transverse direction, even in the absence of inertial
effects, has been well documented by Acrivos and
coworkers [5-7]. Such migration can alter the
concentration distribution, and thus the ultimate
properties of extruded articles in the transverse
direction and generate complications in rheological
characterization. Use of nuclear magnetic resonance
(NMR) imaging has provided a substantial amount of
experimental evidence to support the claim that
unimodal suspensions of rigid spherical particles
generate a nonuniform concentration distribution in

nonhomogeneous shear flows [8-11]. In this study, we
have extended the model of Phillips et al. [8] by
incorporating the apparent wall slip condition at the
wall for pressure driven flows. We will focus on the

hydrodynamic conditions at which shear-induced
particle migration effects are important and when they
are insignificant during rheological characterization.

Background

Phenomenological models for particle
migration in shear flows typically attribute migration to
irreversible interactions. The first explicit recognition
of a cross-stream flux of particles due solely to
irreversible interaction effects is due to Leighton and
Acrivos [6]. They were motivated by the experimental
findings of Gadala-Maria and Acrivos [5]. By using
scaling arguments, Leighton and Acrivos [6] were able
to derive a general expression for the diffusive flux of
particles in simple shear flow. Phillips et al. [8] used a
modified version of Leighton and Acrivos [6] flux
expression to develop a diffusion equation that
describes the evolution of particle concentration over
time. This diffusion equation is a phenomenological
model that assumes that there are two primary causes
for particle migration, particle interactions and local
variations of the concentration-dependent suspension
viscosity. In our work, the Phillips et al. [8] model was
modified by incorporating two boundary conditions that
are more realistic, i.e. the continuity of the flux at the
axis of symmetry and the incorporation of apparent slip
at the wall. Let us first review the Phillips et al. [8]
model based on the flux expression of Leighton and
Acrivos [6].

Consider a suspension of hard spheres with
radius a in a Newtonian fluid with viscosityng.

Assume that the particles diffuse in the binder fluid
with diffusivity D and that the Peclet number,

Pe= azy/D, is very large so that Brownian motion

can be neglected’he particle quxNC, occurring due
to a gradient in collision frequency, is giving by

N¢ = -K ca®q(yp) (1)



where y is the magnitude of the local shear raigs
the particle volume fraction, andK. is a
proportionality constant of order unity that is found
from experimental data. Similarly, the fILﬁdn due

to a viscosity gradient, is given by
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where K, is a diffusion constant of order unity that is

found from experimental data, ang is the shear
viscosity of the concentrated suspension. A
conservation equation for solid particles can be written
in an Eulerian reference frame as
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where D/Dt is the substantial derivative operator,
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Equation (3) is the shear-induced particle migration
equation for a highly concentrated suspension of
unimodal spheres undergoing honhomogeneous shear
flows. This equation constitutes the principal result of
Phillips et al. [8]. The analysis of flow through a
cylindrical tube requires solution of Equation (3) for
the case@=q(r,z), wherer is the radial coordinate
and z is the axial coordinate in a cylindrical coordinate

system. For this case Equation (3) simplifies to the
diffusion equation

Equation (5) is solved with the boundary conditions of
the total flux being zero at the solid surface,
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and the symmetry condition at the axis of symmetry,
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For a given particle distributiomp=(f), the

velocity and pressure fields are found by solving the

equations of motion and continuity,

Fet+0p=0 ®)
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with slip velocity boundary condition at the wallg
giving by,

Us =Pty (10)

where 3 is the Navier's slip coefficient ang, is the
wall shear stress. The equations of motion and

continuity are solved in conjunction with the
Newtonian constitutive equation,
t=-n(oy (11)

where y=0v + Ovlis the deformation rate tensor and

r]((p) is the shear viscosity of the concentrated

suspension atPe>> which is approximated by the
Krieger [12] viscosity functional
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where n, =n(g)/nsis the relative viscosity of the
suspension, ngis the viscosity of the suspending
Newtonian fluid, and@,, is the maximum packing
fraction, which is taken as 0.68 for unimodal spheres.

(12)

For Poiseuille flow, the z-component of the
equation of motion is solved to give an expression for
yas a function of the concentration-dependent

suspension viscosityn((p). Then, Equation (5) is
solved to give the particle distributionq):(p(r,z).

Solution of this initial-value problem also requires
specification of the initial distributiomp, = ¢(r,0). We

have solved the initial-value problem by the Crank-
Nicolson method with a conservative finite-difference
scheme in the radial coordinate. In this calculation,
values of ¢ at the wall, and of the driving pressure

gradient, dp/dz, are found iteratively until the
boundary conditions and volumetric flow rate are
satisfied.  From experimental data obtained from

Couette flow Phillips et al. [8] found thatAK, = 0.66
and this ratio was assumed to hold.

Results and Discussion

Figure 1 shows a set of experimentally
obtained particle concentration distribution data [10] for
a suspension witlp=0.45. This figure also contains the
corresponding  shear-induced  migration  model
predictions for a/R=0.0256 with the no-slip boundary
condition at the wall. It is seen froRigure lthat the



experimentalg profile and the theoretical predictions
are qualitatively and quantitatively similar, except at the
wall. The disagreement between the experimeatal
profile and the shear-induced migration model at the
wall is related to the constraint on the movement of the
particles imposed by the wall and the apparent wall slip.
Figure lalso shows that the theoretical concentration
profiles for L/D=100, 1378 and steady state are
indistinguishable. The experimentally determined fully
developed velocity profile for the same suspension with
a/R=0.0256, normalized by the average axial velocity,
is shown inFigure 2 This figure also contains the
corresponding theoretical velocity profiles with the no-
slip boundary condition at the wall. As seerfrigure 2

the theoretical velocity profiles agree well with the
experimental data except at the wall where the
experimental data exhibit a finite slip velocitlfigure 2
also shows that the theoretical velocity profiles for

L/D=100, 1378 and steady state are indistinguishable.

The two most prominent features of the experimental
data and theoretical predictions for sufficiently large
a/R values are: 1) the nonuniformity of the
concentration profiles, which exhibit a maximum value
at the axis of symmetry and a minimum value near the
tube wall, and 2) the blunting of the velocity profiles.

Figure 3shows the theoretical predictions for
various ratios of particle to capillary radii, a/R. As seen
in Figure 3the migration rates increase with increasing
a/R. Figure 4shows that as a/R increases, the velocity
profiles become increasingly blunted, and the maximum
velocity decreaseskigure 5shows the evolution of the
wall concentration for different bulk concentrations at a
relatively small a/R ratio of 0.0005. Heregpx<is the
mean bulk (mixing cup) concentration of the particles,
<@"> is the mean concentration of the particles at the
wall over the entire length of the capillary. The ratio
(<p>—<@">)/<@> represents the extent of the deviation
of the wall concentration from the bulk concentration
during rheological characterization. A negligibly small
value of («p>—<@">)/<@>suggests that particle
migration effects are negligible. It is seen fréigure
5 that the change in wall concentration for a small a/R
of 0.0005 is insignificant regardless of the length over
diameter ratio of the cylindrical tube. However, as seen
in Figure 6 at large a/R, the wall concentration differs
significantly from the bulk concentration. Overall,
these results indicate the upper limits in particle
migration. This is because the wall slip effect that
should reduce the driving force for particle migration
has not been considered so far.
effect of wall slip. The theoretical velocity profiles for

a 50% concentrated suspension, normalized by the

average axial velocity, are presented-igure 7with a
typical slip boundary condition at the wall. The

Let us now see the

(<@>—<@">)/<@> data inFigure 8show that the particle
migration rate indeed decreases in the presence of wall
slip, which decreases the driving force for particle
migration.

Conclusions

Shear-induced particle migration effects
become important for relatively large ratio of particle to
tube radii, a/R. The occurrence of wall slip reduces the
migration rate of particles. The results presented here
can be used to determine the estimates of the upper
limits of geometry, flow and suspension characteristics
for which particle migration effects need to be
considered during rheological characterization of
concentrated suspensions.
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Figure 1. Fully developed experimental particle concentration
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Figure 2. Fully developed experimental normalized velocity

profile in comparison with model predictions.
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