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Abstract

The squeeze flow rheometer is widely used especially
the rheological characterization of  composites and poly
melts. However, since it incorporates both shear 
extensional deformations its use is not straightforward. H
the two-dimensional constant-speed squeezing flow
viscoplastic fluids between two approaching surfaces
relative motion is solved using the Finite Element Meth
Slip at the wall, a condition generally encountered w
viscplastic fluids at solid surfaces, is incorporated in 
model. The analysis is applicable to the rheologi
characterization and testing of parameters of constitu
equations for filled polymers and elatomers that exhib
yield stress and will  expand our understanding of 
squeeze flow rheometer. The numerical analysis 
focused on the determination of conditions under which 1
analysis is valid.

Introduction

The squeeze flow rheometer involves both shear 
extensional deformations (1). Under carefully selec
conditions it can be used as a rheometer to characteriz
shear viscosity (2-6) and upon lubrication of rheome
surfaces, for characterization of biaxial extensional visco
(7-8). Under relatively slow squeezing rates (low Debo
number) the elasticity of the fluid need not be conside
and the generalized Newtonian fluid constitutive equatio
sufficient to represent the squeeze flow behavior of polym
melts and  suspensions (5, 9-11). For power law fluids,
use of the lubrication assumption is allowed for analysis
squeeze flow for limited ranges of squeeze rates and
over radius (h/R) ratios (2,3,11,12). For viscoplastic flui
the squeeze flow takes place under conditions where a
the fluid is yielded (13,14), unlike rectilinear viscometr
flows which allow the formation of an undeformed plu
(15). FEM based numerical solutions are available 
viscoplastic fluids (16,17) and rely on the use of a 
viscosity type shear viscosity material function whi
allows deformation, albeit under a large shear viscosity
stress magnitude values which are below the yield str
The deformation of viscoplastic fluids is genera
accompanied by wall slip (15,18) and none of the ear
simulation studies for the squeeze flow of viscoplastic flu
have incorporated wall slip during squeeze flow. In 
e

f

.

following, we provide 2-D Finite Element Method based
numerical simulations of the squeezing flow of viscoplastic
fluids subject to wall slip. Furthermore, comparisons with
the recently available analytical solutions of squeezing flow
of viscoplastic fluids with wall slip (18) are made.

Analysis

The viscoplastic fluid is contained in the gap formed by two
horizontal parallel circular disks that are of the same radiu
R, and are both initially at rest. The fluid subsequently
undergoes squeezing action by either applying a consta
force F to the top disk or by moving it at a constant spee

h� , with the bottom disk remaining at rest. If the applied
force is constant, the speed of the top disk will vary with
time, and vice-versa. The flow is dominated by viscous
effects, thus permitting the treatment of the flow as quasi
static, i.e., the flow is steady at any instant of time, and th
time derivatives of the equations of conservation of mas
and momentum can be ignored. The inertia effect is
negligible because of the highly viscous nature of material
of interest and the creeping nature of the resulting flow. Th
flow is axisymmetric, and if  gravitational effects are
neglected, the applicable equations of conservation of ma
and momentum are given by:

z

u

r

ru

r

1
0 zr

∂
∂

+
∂

∂
=

      

)
zrr

r

r

1
(

r

p
0 rzrr

∂
∂τ

+
τ

−
∂
τ∂

−
∂
∂

−= θθ

)
zr

r

r

1
(

z

p
0 zzrz

∂
∂τ

+
∂
τ∂

−
∂
∂

−=
                                           (1-3)

where r and z are the radial and axial coordinates respect
ur and uz the corresponding velocities, p is the pressure, τ 

rr
,

θθτ and τ 
rz are the components of the stress tensor. 

penalty/ Galerkin Finite Element Method is employed in 
solution of Eqs. 2-3 using a large positive number  pλ

(penalty parameter = 106):
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Boundary Conditions

On the line of symmetry, i.e., at r=0, the r-component 
the equation of conservation of momentum is replaced
the condition,

0ur =
                                                                             

while in the z-component equation,

 0rz =τ                                                                            (

At the fluid/air interface, i.e., at r=R

0p rr =τ+   ,   0rz =τ                                (7)

where the air is assumed to exert no tangential or nor
viscous stress on the interface and the ambient pres
exerted by the air at the edge of the disks, i.e., at R=1 
been set to zero for convenience. At the fluid/so
interfaces at the upper and lower disks, the z-componen
the equation of conservation of momentum is replaced
the kinematic condition which implies that:

uz(z=h)= h�    0)0z(uand z ==                                 (8)

while the Navier's wall slip boundary condition is applied 
the tangential or r-component of the equation of momentu
The condition of wall slip can be expressed as

)T:nt()uu(t solid β=−⋅ (9)

where t  is the unit tangent vector to the surface and n is the
unit outward normal vector and β is the Navier's wall slip

coefficient, and is assumed to be dependent on the se
invariant of the viscous stress tensor in the form:

2/)1s( b)):(
2

1
( −ττα=β

                                        (10)

The parameters of α and sb are obtained from the

rheological characterization of the material.

Constitutive Equation

The fluid is assumed to be a purely viscous generali
Newtonian fluid,

γγη−=τ �� )(
                                                                    (11
d

where τ  is the viscous stress tensor, η  is the shear

viscosity function and  γ�  is the rate-of-deformation tenso

The dependence of the shear viscosity material functionη ,
on the deformation rate is assumed to follow the modi
Herschel-Bulkley model (20) for viscoplastic fluids or 
simplification the Ostwald-de Waele or Power Law mo
with  yτ = 0:
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where n is the material parameter that governs 
sensitivity of the fluid to deformation rate, yτ  is the  yield

stress, nb is the stress growth exponent, and m is the
consistency index.  The magnitude of the rate 
deformation tensor || γ�  is defined for this case by:
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             (13)

where the comma indicates differentiation.

Determination of Force F

The z-component of the surface traction vector (assum
compressive stresses positive) is:

zzp τ+=π     (14)

and the total force needed to maintain the squeezing 
is obtained by integrating this traction over the surface
the top disk. Hence,

θ∫ τ+−∫= =
π

rdrd))pp((F
R

o
hzzza
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o
(15)

where p and  τ 
zz

  can be determined once ur and uz are
obtained.

Numerical Solution

For the FEM solution of the momentum equations, 
domain is discretized by the bilinear brick elements in r, 
z, and trial functions are chosen such that:
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where De is an element domain, Nod is the number of no

per element, and φ j  is the trial function. The weak form o
the weighted residual equation  is given below:
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where nr and nz are the components of the outward u
normal vector  n  to the surface.

Results and Discussion

The major focus of the paper was the attempt to deter
whether a one-dimensional lubrication approximat
solution of the squeeze flow (18) is sufficient to repres
the squeeze flow behavior of viscoplastic fluids subjec
wall slip accurately. Thus, a series of comparisons betw
the results of one dimensional analytical solution and t
dimensional FEM based solutions were made for condit
which allowed the shear stress values to be significa
greater than the extensional stress terms in the equatio
motion i.e., h<<R. The comparisons will be made in te
of the velocity distributions and normal force valu
calculated with the two methods.

Table 1 contains the material parameters and  the geom
and operating conditions used for the comparisons of
force values and the radial velocity distributions. The ga
the radius ratio (h/R) is kept at 0.048. The  disk radius 
the axial velocity of the disk are taken such that they  ca
e

of

y

e

conveniently generated in the laboratory using a typ
Instron Capillary tester. The comparisons of the force val
predicted in 1-D and 2-D are shown in Table 2 for various
values of the wall slip coefficient. Under the no sl
condition and for relatively small values of the sl
coefficient the 1-D solution (which does not include a
extensional stress terms) agrees  with the results of the
FEM based solution (which incorporates the extensio
stress terms). The 1-D solution however significan
underpredicts the force values as the wall slip coeffic
increases.  This is expected since the inclusion of wall 
should reduce the relative importance of the shear st
versus the extensional stress terms.

The comparisons of the force values predicted with the 
and 2-D analyses for various values of the yield stress
shown in Table 3.  Under the moderate values of the yie
stress which are used the predictions of the two meth
agree well.  Although these comparisons are encoura
for the use of the 1-D analytical models for the sque
flow, it should be noted that there is no apriori meth
available to determine the conditions under which 
assumptions of the 1-D model break down. Therefore, 
analysis of the squeeze flow rheometer needs to be don
using a combination of both analytical and numeri
techniques.

The same conclusions can be drawn by comparing the ra
velocity distributions shown in Figures 1-2. For the power
law fluid used to generate the results of Figure 2 the
agreement between the velocity distributions determi
with 1-D analysis with 2-D FEM solution is excellent. Th
is  consistent with the findings of Zhang  et al. (11) wh
have indicated that at relatively low squeeze rates and
values the lubrication assumption holds, and the elasticit
the polymer has a negligible contribution (low Debor
number case) since the generalized Newtonian fluid mo
is satisfactory to represent the rheological behavior of 
melt.

The typical radial velocity distributions obtained with th
viscoplastic fluid are shown in Figures 3-4 for the no-slip
condition. The introduction of the viscoplasticity blunts t
velocity distribution at any radial location. However, 
dictated by the continuity equation the axial movement
the top plate  generates a radial extensional flow where
radial  velocity at the edge is the highest and the velo
decreases as one approaches the axis of symm
However, the fact that 1-D and 2-D  solutions agree so w
suggests that the magnitude  of the shear stress is
significantly greater than the extensional stresses un
these geometry and operating conditions, thus vindica
the validity of lubrication assumption  for these  conditio
However, as noted earlier the conditions under which th
D analysis are valid cannot be determined without 
benefit of numerical analysis, as demonstrated here.  
FEM based numerical analysis presented here should
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Table 1: Material parameters and geometry

Material Parameters:
Shear rate sensitivity parameter, n= 0.45
m=5066 Pa-s0.45

Disk geometry and operating conditions:

Gap, h=0.00137 m
Disk Radius, R= 0.0286 m
Top disk speed= 2.12E-5 m/s

Table 2: Comparison of the Force values obtained
with  1-D analysis with lubrication approximation and
2-D FEM for various slip coefficient β* = β(m/- h� )(-

h� /R)n) values.

β*                  Force, N                      Force, N
                  (1-D) Lubrication (2-D) FEM

       approximation
-----            ------------- -------------

0           180.4 182.3
0.5           86.5 89.1
1.0           50.9 54.1
2.0           26.8 30.6
3.0           18.0 22.1
5.0           10.9 15.1
10.0             5.4 9.8

Table 3: Comparison of force values obtained with  1-D
analysis with lubrication approximation and 2-D FEM

for various yield stress, τy *  ))R/h/(m/( n
y

�−τ= ,  values

τy*         Force, N Force, N
        (1-D) Lubrication (2-D) FEM
        approximation

-----         - --------------- --------------

0        180.4 182.3
25        395 408.2
50        596 623.3
75        791 833.3
very useful in the analysis of the data generated with 
squeeze flow rheometer and the determination of param
of constitutive equations for the low Deberoh numb
conditions for which the elasticity of the melt is n
important.
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